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We study smectic-4 defect structures which preserve layer thickness. We deduce that the in-
terstitial regions between the well-known focal conic domains are filled with concentric spheres.

The study of defects in condensed matter systems
has flourished in the past few years. It has grown
from the classical investigation of line defects in
solids to include everything from boojums in super-
fluids to defect mediated phase transitions in films.

Topology has been a basic tool in this study; the
far field topological structure of the order parameter
determines the simple configurational properties of
most defects. Smectics form a striking exception to
this pattern. The singular lines of the focal domains
found in smectic liquid crystals form remarkably pre-
cise ellipses and hyperbolas (see Fig. 1). These sim-
ple forms cannot be understood using topology (to-
pology treats ellipses as rubber bands). Geometry is
a better tool here; it was used by Friedel and Grand-
jean' in 1910 to explain the focal conic defect as a con-
sequence of their proposed layered smectic structure.
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FIG. 1. The singular lines in smectic-4 samples often
form remarkably precise ellipses and hyperbolas. The el-
lipses here are attached to one of the glass slides. The dark
lines extending from one focus of each ellipse are the conju-
gate hyperbolas; they lie perpendicular to the plane of the
glass and go out of focus. Note that the major axes of the
ellipses all pass through the pont marked with an asterisk.
Note also that the point of tangency between two neighbor-
ing ellipses is the point of intersection of the lines connect-
ing opposing foci. The original photograph is by C. Willi-
ams; it is reproduced in Ref. 2.

In this Communication, we will use geometry to
study the simple smectic defects, and the ways in
which they may be matched together to form com-
pound defects. We will mostly study distortions
which preserve the layer thickness (i.e., we ignore
dislocations). We emphasize the importance of con-
centric spheres in the construction of compound de-
fects. To be specific, we show that the ubiquitous
polygonal field structures are spheric domains, with
embedded focal conics which act to relax stresses im-
posed by the boundary conditions.

The smectic ground state is characterized by the
segregation of molecules into a series of flat, parallel
layers with liquid motion within each layer. Stresses
which bend or compress these layers will cause elastic
deformations; other stresses will cause viscous flow.
Often the elastic constant B associated with com-
pressing the interlayer spacing is large compared to
the bending elastic constant K;. More precisely,
there is a characteristic length A = (K,/B)? which
is normally comparable to the layer thickness.?
Compression will be unimportant if the amplitude of
the deformation is large compared to A. (For exam-
ple, compression is important in dislocations, where
the amplitude is a layer thickness.) We shall tem-
porarily ignore compression and treat our layers as
strictly parallel, although bendable.

Consider now the vector field ' of unit normals to
a set of parallel surfaces. It is easy to see that the ex-
istence of surfaces implies & - (¥ x &) =0, while their
equal spacing implies & x (¥ x &) =0. Since n2=1,
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One can see from this last equation that i does not
change as one moves parallel to it. Thus a line per-
pendicular to one smectic layer will be perpendicular
to any other layer it crosses. These lines are called
generators.
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These generators express very clearly the nonlocal
constraints implied by the smectic structure. A single
smectic layer M determines the structure in the entire
region filled by the generators passing through M
(Fig. 2). Any singularities in this region can be
found geometrically—they are associated with the
evolute of M.

Consider the generator G passing through point P
on M. At P, M has a maximum and a minimum ra-
dius of curvature; the corresponding centers of cur-
vature lie on G. It is easy to see that surfaces parallel
to M will share these centers of curvature (Fig. 2).
At these points, a radius of curvature goes to zero,
and a singularity occurs in the structure. As we vary
P over M, these two centers of curvature trace out
the two sheets of the evolute of M. The generators
for M are precisely the common tangents to the two
sheets.

The sheets of the evolute (and thus the associated
defects) will generically both be two dimensional.
Two-dimensional defects do exist?; under certain cir-
cumstances their energy need not be prohibitive. On
the other hand, the smectic structure introduces rigid
constraints on the possible point and line defects.*
The only surfaces with a zero-dimensional evolute
are spheres; concentric spheres are the only allowed
point defect. If both sheets of the evolute are one
dimensional, the surface is a cyclide of Dupin, and
the sheets form confocal conics. The only allowed

FIG. 2. A two-dimensional smectic configuration shows
many of the important geometrical consequences of equally
spaced layers. The generator G perpendicular to layer M at
point P is perpendicular to all of the other layers. The
center of curvature C is also shared by the other layers;
layers to the left of C are singular. The centers of curvature
form the evolute E; in three dimensions £ will consist of
two sheets.

line defects where the layers have negative curvature
are the resulting focal domains of the first kind. Ex-
perimentally, light scatters off these defect lines, il-
luminating the striking patterns of ellipses and hyper-
bolas (Fig. 3).

For smectic layers of positive curvature, it is possi-
ble for one of the sheets of the evolute to be virtual.
The radius of curvature lying on the virtual surface of
centers is always larger than that of the other sheet.
Thus the singularities always occur first on the other
sheet; the virtual sheet hides ‘‘behind’’ it. The evo-
lute for focal domains of the second kind,® for exam-
ple, is a pair of confocal conics—but the ellipse is vir-
tual. Focal domains of the second kind are not ob-
served in nature. This is quite natural; there is no
compelling reason for a virtual defect to remain one
dimensional. Physically, these domains should be in-
cluded in a wider class of defect structures, whose
evolutes consist of a one-dimensional and a virtual
two-dimensional sheet. The smectic layers in this
class form canal surfaces.%

The elementary smectic defects do not usually oc-
cur in isolation; they normally group together into
compound structures. This grouping is by no means
haphazard. In assembling simple defects together,
one is constrained to mesh the smectic layers
smoothly at the interfaces; we explore the conse-
quences of this constraint.

The interfaces between domains in a compound
structure must, of course, be two-dimensional sur-
faces. [The focal conic domains in most compound
structures are tangent along lines (as we shall see).
The original analysis! concentrated upon meshing the
layers along these lines, even though filing in the in-
terstitial regions clearly involves matching along sur-

FIG. 3. The singularities within a focal domain of the first
kind are an ellipse E and a hyperbola H in confocal poisiton.
That is, they lie in perpendicular planes, and they pass
through one another’s foci. The smectic surfaces are cy-
clides of Dupin. Hilbert and Cohn-Vossen* have photo-
graphs of models of these cyclides, as well as examples of
canal surfaces. Other views (including cross sections) are
common in the literature (Refs. 2,5,9).
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faces.] Friedel has pointed out that these surfaces
must be composed of generators. (If generators cross
a surface, the only smooth way of matching smectic
layers at the surface is to ‘‘analytically continue”’
along the generators. This, of course, implies that
both sides of the surface belong to the same smectic
domain.)

Generically, it is unlikely that two smectic domains
can be smoothly joined along any surface. Focal
domains are special in that they can be joined along a
cone of generators; all known two-dimensional inter-
faces are along these cones. The cone can be gen-
erated by linking any point on one conic with all the
points on the other; because the conics are confocal,
it is always a right circular cone.

Consider now a right circular cone of generators in
a-concentric sphere domain. The apex of the cone
lies at the center of the spheres. The spheres inter-
sect the cone in circles whose planes are normal to
the axis of the cone. This is also the manner in
which the Dupin cyclides would intersect it, and thus
this cone forms a smooth interface between a focal

domain and a structure of concentric spheres’ (Fig. 4).

This happy construction allows us (and nature) to
assemble lots of compound defects. We may start
with a concentric sphere structure, and drill out right
circular cones in any pattern we wish. On each cone
we choose a conic section; its confocal partner will
pass through the center of the spheres. We then fill
in the cones with cyclides of Dupin. The structure
can be thought of as an insect eye, with focal
domains in each face and concentric spheres in the
interstitial regions.
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FIG. 4. The cyclides of Dupin mesh smoothly onto
spheres. The interface is along a cone of generators; the
apex of the cone lies on the hyperbola and is the center of
the sphere. The apex of the cones of two adjacent focal
domains must coincide at this point; this gives Friedel’s
‘“‘law of corresponding cones.”’

We have shown that the gaps between focal
domains can be filled with concentric spheres; it
remains to be resolved if they ever are so filled.
Normally, focal domains form to relax stresses im-
posed by boundary conditions. For example, the el-
lipses in the photograph traced in Fig. 1 are attached
to one of the microscope slides. Inside the ellipses,
the layers attach normal to the slide, thus satisfying
the boundary condition. The concentric spheres
which (potentially) fill the clear regions between the
ellipses do not satisfy this condition. Two questions
must be answered. First, how far will the boundary
effects propagate into the bulk? Secondly, will other
structures (i.e., smaller focal domains) fill these re-
gions instead?

If strains propagated a macroscopic distance in
from the boundaries, they would presumably disrupt
the precise geometry of the ellipses. Strong anchor-
ing conditions will, in general, impose a structure on
the boundary which is incompatible with the bulk
structure; the transition will, in general, involve
bending the layers through a large angle and changing
the layer spacing by a large fraction. If the transition
region is of width A, the free energy per unit area
K\ A2+ B\ is minimized with A= (K /B)"% As
mentioned earlier, X\ is usually roughly the interlayer
spacing. Thus any strain which disrupts the equally
spaced layer smectic structure will heal on a micro-
scopic length A, and spheres will remain spheres in
the bulk. This is the macrosocopic rigidity which
makes geometry a useful tool in studying smectics.

The second question is a serious one. The accept-
ed method for filling these interstitial regions is
through a hierarchy of focal domains.® The surface
tension associated with the spheres ~(KB)"2 by
the above arguments; the free energy of a substitut-
ing focal domain goes roughly as K, times the
perimeter. Thus focal domains of characteristic
contact radius R can nucleate favorably until
(KB)Y2R? ~ K R or R — \. Experimentally,
some systems do seem to show this cascade of
domains. However, the photograph sketched in
Fig. 1 shows unquestionably clear regions between
the ellipses. Presumably, the system is not in
equilibrium —the free energy needed to nucleate a
new domain must be large compared to k7. This en-
ergy will be roughly the surface tension times the
square of the nucleation radius. If we assume, fol-
lowing Ref. 8, that the nucleation radius is about ten
times the interlayer spacing, and the latter ~20 A,
then thermal activation will only be important for
surface tensions ~107* ergs/cm?. Characteristic sur-
face tensions of organic compounds are —50
ergs/cm?.

This leads to one final observation. The existence
of concentric spheres as metastable structures is more
plausible if they nucleate first. The compound de-
fects give strong evidence for this. Here the
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aforementioned insect eye pattern is a recurrent
theme. This structure is naturally explained by the
nucleation of concentric spheres, say, on the upper
microscope slide; when they reach the bottom face
the focal domains form to relax the boundary condi-
tions.

We hope to have communicated some of the

elegance with which nature has expressed itself in the
smectic system.
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